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New perspective on the U(n) Wigner—Racah calculus:
I1. Elementary reduced Wigner coefficients for U(n)

R Le Blanct and K T Hecht#
Department of Physics, University of Michigan, Ann Arbor, M1 48109, USA

Received 16 September 1986, in final form 11 March 1987

Abstract. Exploiting the powerful formalism of the vector coherent state theory expounded
in part I, the group theoretical content of the complementarity principle and a novel
interpretation of the operator pattern of Biedenharn and Louck, we rederive in a simple
fashion all U(n):U(n—1) reduced Wigner coefficients for the elementary U(n) tensors.

1. Introduction

In their successful programme to give a full implementation of the Wigner-Racah
calculus for the unitary groups, U(n), Biedenharn and Louck (see the review article
by Louck (1970)) introduced a set of abstract tensor operators which carry the basic
structure of this calculus. The recent realisation (Le Blanc and Rowe 1986a, b) that
a strict group theoretical meaning can be assigned to the operator pattern used in their
classification has led to the possibility of their very explicit construction in an (n—1) x
n-dimensional space of Bargmann variables (Bargmann 1962).

We thus make use of this recent development to propose a new approach simplifying
to a large extent tensorial computations in Bargmann spaces. We exploit the powerful
formalism of the vector coherent state theory expounded in part I (Hecht et al 1987b),
the group theoretical content of the complementarity principle and this novel interpreta-
tion of the operator pattern of Biedenharn and Louck to rederive in a simple fashion
all U(n):U(n —1) reduced Wigner coefficients for the elementary {i,0}, U(n) tensors,
coeflicients first derived by Biedenharn and Louck (1968) using arduous boson poly-
nomial manipulations.

These coefficients, being the basic building blocks for the construction of generic
U(n) tensors, are fundamental to any attempt to unravel in a canonical way the outer
multiplicity problem for the unitary groups. In fact, these coefficients are at the root
of the elaborate structure built up by Biedenharn and Louck in order to give a canonical
foundation to the U(n) Wigner-Racah calculus. A more straightforward rederivation
of their values is thus a necessary first step in any attempt to improve on their results.
We recall that theirs is an elaborate structure articulated on what they have coined as
the ‘pattern calculus’.

+ NSERC Postdoctoral Fellow, now at A W Wright Nuclear Structure Laboratory, Yale University, New
Haven, CT 06520, USA.
1 Supported in part by US National Science Foundation.

0305-4470/87/184613+23802.50 (© 1987 IOP Publishing Ltd 4613



4614 R Le Blanc and K T Hecht

We thus confirm but also enlarge on the results of Biedenharn and Louck since
we unravel the simple structure of these coefficients. By structure, we not only mean
their algebraic expressions but also the nature of their basic components. In fact, we
show that the elementary reduced Wigner coefficients are the product of a multiplicity-
free U(n —1) Racah coefficient times some simple dimensional factors and normalisa-
tion factors originating from the vector coherent state theory of 1. We note that the
present approach has already been used with similar end results for the computation
of the fundamental Wigner coefficients for the non-canonical group chains SU(3) > O(3)
(Le Blanc and Rowe 1985a, b) and SU(4) 2 O(4) (Hecht et al 1987a).

2. Bargmann tensors in a U(n —1) X U(n) Bargmann space

The elementary U(n) tensors (Biedenharn and Louck 1968) to be constructed below
act in U(n) bases classified according to the canonical subgroup chain

U(n)>U(n-1)>...2U(1). (2.1)

Basis states belonging to a unirrep {m}, ={m,,, m,, ..., m,,} of U(n) will be enumer-
ated by a Gel’fand pattern

{m},
- (2.2)
my,

It will be assumed that the reader is familiar with the Gel'fand notation and the
resolution of the weight multiplicity problem in terms of the so-called ‘betweenness’
conditions on the pattern entries (see, e.g., Louck 1970).

The explicit construction of the elementary U(n) tensors of this investigation leans
heavily on the equivalence of SU(n) and U(n). It is well known that one needs at
most d Bargmann a-vectors

g =(g1, 8% ..,8% 1<i<d

in order to achieve the construction of a basis of Bargmann states spanning a d-rowed
unirrep of U(n), where we refer to U(n) representations with

mdn;éo md+1,n!md+:,ns""mnn=0

as d-rowed representations of U(n). Generic SU(n) unirreps, being equivalent to
d =(n-1)-rowed irreps of U(n), can thus be built in terms of n—1 U(n) Bargmann
vectors.

Polynomials of degree k in the gj carry a totally symmetric representation {k0},,
of the group U(dn). (As in I, a dot over an index signifies its repetition, and in this
case indicates dn —1 zeros.) Consideration of the transformation properties of these
polynomials under the upper U(d) and lower U(n) group actions and the use of the
complementarity theorem (Baird and Biedenharn 1963, Moshinsky 1963) show that
under the decomposition

U@ U@ X U kDb = T mbax(mb, 3 m, =k (23a)
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with
{m}d X {m}n = {mlanH e mdn}d X {mlnm2n e mdno e O}n (23b)

the polynomials can be labelled by a double Gel’fand pattern

’

m

gl{m}. ). (2.4)
m

In the present application, with d = n — 1, the states of interest will be those where the
upper pattern is restricted to being maximal in its U(n — 1) subrepresentations, i.e. the
U(n) entry and the U(n —1) upper entry of the double pattern are given by the same
partition

{m} 2R ={my, man, ooy myy G }OPPT
{m}nz{mlmm2n9"-’mn—1.m0}- (25)
In a full U(n) x U(n) Bargmann space, the Bargmann polynomial of highest weight

under both upper and lower group actions is given by (Baird and Biedenharn 1963,
Moshinsky 1963)

hw
gli{m}. )= N7 ({m},)(gh) ™ an(gi3) ™™ Msn L (g13nm) Mt T Mg 13 ) M
hw

(2.6a)
with
g 8 8k
k= 8 g:§ e (2.6b)
g g gk
Here, N({m},) is a normalisation factor given by
N({m),) = L Pel @

%< (prn = Pin)

with p; = m;+j—i and where we agree to take the positive square root. It is verified
that, with m,, set to zero, the highest weight state (2.6) is also the highest weight state
for the group product U(n—1)x U(n).

In order to provide a canonical resolution to the outer multiplicity problem,
Biedenharn, Louck and collaborators, in a series of articles (see Louck 1970, Biedenharn
and Louck 1972, Louck and Biedenharn 1973, Biedenharn et al 1972, 1985 and
references therein) developed an elaborate formalism through which they postulate
the existence of an abstract set of SU(n) tensor operators {7} classified by upper
(operator) patterns. This set is denoted

r
T{ {m}, (2.8)
m

where I is an operator (inverted Gel'fand) pattern and where the lower pattern m is
a usual lower U(n—1) Gel'fand pattern which labels a basis for the U(n) tensorial
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unirrep {m},. The operator pattern is supposed to characterise the structural and
tensorial properties of J. The most important property for the purpose of this work
is the fact that the upper pattern specifies the shift properties of the tensor, i.e. when
applied to a state belonging to the U(n) unirrep {m°},, the tensor J maps this state
to a new unirrep labelled by

r
97< >:{m"}n—>{m"+A}n (2.9a)
{m},
where the shift A is an n-vector
A=(A,4A,,...,A) (2.9b)

the components of which are given by
j izl
4= Z Ly- Z Lija A =Ty,. (2.9¢)
i=1 i=1

Other important properties like the null-space property, the inclusion property and
the limit properties, relevant to the solution of a generic multiplicity case, are thoroughly
reviewed in the above-mentioned references and will be of no immediate concern to
us since we will only consider here the coupling of multiplicity-free tensors, more
precisely the elementary and fundamental tensors, for which these concepts need not
be enlarged upon.

The elementary abstract U(n) tensors are identified by the partition {1,0},, I <k=
n—1, with associated Young tableaux forming a vertical array of k boxes representing
an antisymmetrised tensor of rank k. The selection rule for their multiplicity-free
coupling is simple: in a Kronecker product the boxes are added to k of the rows of
the original tableau specified by the upper pattern, with at most one box added to a
given row. The coupling is represented by

r
:7< . >:{m"},1 >{m+ ARG, b, ) e (2.10a)
{lko}n
In (2.10a)
ARy, iy, i) (2.10b)
is the n-vector given by (2.9¢) and has vanishing entries everywhere except for the k
components (i, i», ..., i) which have value unity. The n-vector A*'(i,, is, ..., i) is

thus a permutation of the n-vector (1,0). The fundamental tensors, with k=1, are a
special case of the elementary tensors, with A'"(i) specifying the index i of the row
to which the single box is added in the Kronecker product. Note that, for the elementary
tensors and, more generally, for any multiplicity-free coupling, there is a one-to-one
correspondence between the upper pattern and the shift A. Therefore, the shift
A%™(iy, iy, ..., i) will here uniquely identify the parent tensor. To be consistent with
the appendix, we adopt the convention
Isii<i<... <iysn

In the above discussion, the elementary shift tensors I were abstract objects without
a specific realisation. Their explicit realisations T in a U(n—1)xU(n) Bargmann
space can be given in terms of (multiplicative and/or differential) Bargmann operators.
This was proved for SU(3) (i.e. n=3) by Le Blanc and Rowe (1986a, b) and the
generalisation to U(n —1)x U(n) is straightforward. For example, the n~1 vectors
g', 8,...,8" " can be shown to be shift tensors with respective shifts

A"(10...0),A(010...0),...,A7(0...010)



Elementary reduced Wigner coefficients for U(n) 4617

but only when acting between U(n —1) x U(n) states of highest weight in their upper
patterns. Similarly, the unnormalised antisymmetrised products of k Bargmann vectors
g''=% defined similarly to (2.6b) are {1,0} shift tensors with shift properties
A%y, iy, ..., ix) when forced to act between U(n — 1) x U(n) states of highest weight
in their upper patterns.

Although satisfying from the point of view of duplicating the shift properties of
the abstract set of tensors of Biedenharn and Louck in a Bargmann representation
space, the above prescription severely curtails the possible useful exploitation of the
group of upper transformations. We therefore adopt in this investigation a somewhat
less restrictive procedure by using the fact that, contrary to Biedenharn and Louck
who did nor impart a group theoretical meaning to the upper pattern, we can impose
such a functional meaning on the upper pattern. More precisely, we require the upper
pattern to reflect the tensorial properties of a Bargmann tensor under the U(n—1)
complementary group action, the complementarity theorem providing the necessary
justification for this prescription. It is then easy to see that the shift properties of an
unnormalised and antisymmetrised Bargmann tensor of the form

T, 0D (g)=grgA...Ag {(k times) (2.11)

with now an unspecified U(n — 1) upper weight can be enforced by coupling this tensor
and the initial representation to the desired final representation using only the (multi-
plicity-free) upper group action.

The construction (2.11) is immediate for tensors of U(n) character {1,0} with A, =0
but would lead to difficulties for U(n—1) x U(n) tensors of the type

{1k—lo}n—1
Tl {10}, (2.12)
{m}n—l

which have A, =1. Such tensors would add a box to the nth row of the initial tableau
which is impossible in the U(n—1)x U(n) Bargmann space since all Young tableaux
of this Hilbert space have at most n —1 rows. The way out of this apparent impasse
is through the use of the SU(n) equivalence of Young tableaux with columns of length
n. By adding a square to row n, an operator of type (2.12) would create a tableau
which is SU(n) equivalent to a tableau from which a single column of n squares can
be removed. A {1,0} tensor, with i, = n, which would have added a square to row n
is thus equivalent to a tensor which removes n —k squares from rows iy, i3, ..., i«
which are the complements of i, i,, ..., i.. Such tensors can now be built from (n—k)
antisymmetrical coupled derivative operators in the Bargmann space, where we use
the fact that 9;=8/dg; is an annihilation operator for g;. From a construction point
of view, we thus subtract from all entries of the double pattern (2.12), with m,,, initially
set to zero, the non-vanishing A, value so as to bring its new A}, value to vanish. This
unambiguously prescribes the U(n—1)xU(n) tensorial properties of the Bargmann
tensors (2.12) which are thus reset to

{ik.—l(:)n—k}n—l {()k~l~in——k}n~l
T( {10n-idn W) T{ {Ou—ini}n J(@)~(3'Ad°A...A3"5). (2.13)
{m}" {m_in—l}n—-l

The tensors (2.13) have the right SU(n) transformation properties and, as required by
the Hilbert space structure, vanishing nth shift component.
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To conclude this section, we caution the reader not to be induced into thinking
that the construction of the Bargmann tensors is straightforward in the most generic
case of multiplicity. In fact, except for the multiplicity-free cases and the important
case of SU(2) reviewed in part III (Le Blanc 1987), there is still no complete and
unambiguous set of rules for their construction as best exemplified by the two substan-
tially different approaches taken by Le Blanc and Rowe (1986a, b) in regard to the
resolution of the SU(3) multiplicity problem. Work is in progress to try to incorporate
the abstract findings of Biedenharn and Louck into the present framework since it is
their claim that their approach yields a canonical solution to the U(n) outer muitiplicity
problem in general.

3. Reduced Wigner coefficients for the elementary tensors

The prescription for the computation of the Wigner coefficients follows from the well
known Wigner-Eckart theorem. When the shift action of a Bargmann tensor is enforced
by the use of an upper U(n —1) coupling as discussed in § 2, the theorem states that
matrix elements of such a coupled Bargmann tensor are, to within normalisation,
proportional to U(n) Wigner coefficients. This prescription has some far-reaching
consequences for, recalling that the U(n) | U(n — 1) lower decomposition is multiplicity
free, we can perform a second U(n—1) lower coupling of the initial state with the
tensor to a desired final U(n —1) lower representation and take the matrix element of
the resulting doubly coupled expression with the corresponding final Bargmann state
(see (3.1) below). This defines a U(n—1)xU(n—1) reduced matrix element which
one immediately concludes to be a U(n): U(n —1) reduced Wigner coefficient to within
an overall normalisation of all such quantities. In other words, we have reduced the
computation of the U(n):U(n —1) reduced Wigner coefficients to the computation of
U(n—-1)xU(n—1) reduced matrix elements of U(n—1)x U(n) Bargmann tensors in
a U(n—1)xU(n) Bargmann space. The advantages of such a definite point of view
are enormous for actual computations since, when used in conjunction with the
powerful vector coherent state theory of I, this approach calls upon simple U(n—1)
recoupling techniques to supplant the usually tedious boson polynomial manipulations.
We thus exploit to their full extent the tensorial properties of the full Bargmann space.

We now proceed with the computation of the reduced Wigner coefficients pertaining
to the coupling by the elementary tensors. According to the Wigner-Eckart theorem,
we have

{mo+A(k)(i)}n—1 {iko}n—l {m°},_,
{m°+a“ (D}, |T( {i.0}s {m°},
{m+A(k)(j)}n—1 {ik—lf()}n—l {m},_
{m°+a%()},, {160y | [{mmi| im0
={ {m*+a"@)}, || T{ {10}, {m°}, (3.1a)
{m+A(k)(j)}n—1 {ik—ISO}n—l {m},_, {m+Aa%" oy

=<{mo}n . {lko}n
{m},_, ’ {ik—lso}n—l

x<<{m"+A(“(i>}n-,
{m*+ A},

{m°+A”"(i)}n>
{m +A(k)(j)}n—l

{iko}n—l>‘ {mo}n—1>>
T< {i0h, Al {me, (3.18)
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where the term on the left-hand side of (3.1a) is the U(n—1) x U(n — 1) reduced matrix
element of the Bargmann tensor

{iko}n—l
T( {1.0}, (3.2)
{ik—leo}n—]

and where the square bracket on the right-hand side of (3.1a) is an (upper x lower)
U(n—-1)xU(n—1) couplingt defined in §2.2 of I. According to the betweenness
conditions, &, in the lower U(n —1) pattern, is either 0 or 1.

The first term on the right-hand side of (3.1b) is the U(n): U(n — 1) reduced Wigner
coefficient, the quantity which we seek to calculate, while the second term is the total
U(n—1)x U(n) doubly reduced matrix element of the tensor. To emphasise that it is
doubly reduced with respect to U(n — 1) x U(n) and to distinguish it from the U(n —1) X
U(n —1) reduced matrix element on the left-hand side of (3.1a), we have introduced
the notation of double bars and double carets.

As for A® () =A%(i,, iy, ..., i) (see (2.10a, b)),

AR =A% Jay s dk) 1<j,<ja,...,<ju<n

is an n-vector indicating the shift affecting the lower U(n — 1) partition. Sincea U(n—1)
partition has only n—1 entries, it will be understood that one only considers the first
n—1 components of A*(j,, j»,...,Jji). In the case when its last component is zero
(jx # n, thus £ = 1), there is no ambiguity. But for the case j, =n (¢ =0), one must
then consider matrix elements of the tensor

{ik()}n—l {iko}n—l {O}rx—] {ikO}n—l
T {lko}n {iko}n B {10‘1},, {lko}n
{ik—lo}n—l {ik—lo}n—l {0‘1}n—1 {iko}n—l
{O}n—l {iko}n—l
= B {10_1}" » T {iko}n (3'3)

{0_ l}n—-l {iko}n—l {110, 1tuoy
obtained from the tensor
{140h,4
T{ {10},
{140}

with maximal lower U(n—1) partition through the action of the lowering operator
B; =E,; (see I and note that [E,;, g]=g!). The square bracket on the right-hand side
of (3.3) is a U(n —1) coupled commutator defined similarly to the coupled expression
(2.26) of 1 while the reduced matrix element multiplying the tensor on the left-hand
side is given by (2.31) of I.

The total doubly reduced matrix element is given by

<<{m°+A(k’(i)},.—1 T<{ik0},.—1> {m°}n-|>> _N({m°+a™i)},)
{iko}n

k . - 3-4
{me+a® (i)}, (m?}, NUm) G4
t Upper and lower U(n~2)=>U(n-3)...2U(1) labels are quietly understood for both the bra and the
resulting ket in (3.1a). These labels can assume any allowed values but must match in both bra and resulting
ket for the matrix element (3.1a) not to trivially vanish.
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where i, # n and where N( ) is the normalisation factor (equation (2.7)) for a double
Bargmann highest weight state. This result, a weaker version of the boson factorisation
lemma (Biedenharn et al 1967) but all that is needed for the problem at hand, is by
no means trivial but is nevertheless easily derived within the present framework (Le
Blanc and Hecht 1986).
Now, for reasons that will become apparent in the following (see (3.8)), it is easier
to consider matrix elements of the Hermitian conjugates of the tensors (3.2) and (3.3).
We first consider the case j, # n and seek to compute the U(n—1)xU(n —1) reduced
matrix element of the Hermitian conjugate of tensor (3.2)
{m° =A%}, || [10=1ibasi\ [[{m}as
{mo_A(k)(i)}n T {O_ik}n {mo}n
{m_A(k)(j)}n——l {O_ik}n—l {m}n—l
= (_1)é({m"},,,l)vtb({o—i,‘),,_l)»da((m”—A“’(i)),,‘,)

x (_l)tﬁ((m),,_l)—tb({o"ik),,_l)—d>({m—A(“(.i)}"_l)

x( dim({m°},_,) )”2( dim({m},_,) )”2
dim({m° - A" ()},-1) dim({m - A"™(j)}a-1)

{m°}, {iko}n—] {mo_A(k)(i)}n—l

x{ {m°}, | T{ {10}, )| {m°=a" (D)}, (3.5a)

{mb,_ || \{1O}amrf || {m = 8" ()}amy
which is equal to
{m® = A"}, [ 0= Tedani\ [{mo),| T
{m° =A@}, || T{ {0-1}, )| {m°}, (3.5b)
{m_A“()(j)}n-—l {O_ik}n—l {m},_, {m=a)as,

=<<{m0 —A(k)(i)}n—l T<{O_ ik}'n—1> {mo}n—1>>
{m°—A"(i)}, {0=14}, /1l {m°},
(I, (01}, {m°—A“<*<i)}n>
{m},_> {0= 1}, ll{m = A (N},
and where, because of the Bargmann space structure, we require i, # n. This restriction
will be lifted below (see (3.13)). We refer the reader to the appendix of 1 for the
definition of the phase ¢ and for the various conjugation transformations of Wigner

and Racah coefficients used throughout this paper.
The total doubly reduced matrix element is now given by

i e )
{mo_A(k)(i)}n {o_ik}n {ma}n

_ (_1)d>(('rI“),,v,)—a&((()—ik),,,] 1—e({m” =A%), D)

(3.5¢)

o — O— 1 — o ST
x(—l)‘“{'" b= ({0-1 b —etdmo—a i)

x( dim({m°}.-1) )‘“( dim({m°},) )”2
dim({m° ~A%“()}, ) dim({m® - A"(i)},)
N({m®},)
N({m*-a"™(i)},)

(3.6)
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through the use of simple conjugation transformations for both U(rn—1) and U(n)
(appendix of 1) and of (3.4).

Now, from equation (2.26) of I, we can re-express the ket in (3.5b) in terms of its
corresponding highest weight and a polynomial in the lowering operator B, and we
thus rewrite the coupled expression in (3.5b) as

(0= Tadao| [{mhani| T o0
T( {0-1:}. )| {m°},

{O“ik}n—x {m}n_, {m=a" ()}
0 aiow) ) {m°}.\"" {0=1d
= (=1)PUm N meomw), “’“"‘}H’K( m} ") T :{0--.1;(},1
" {O—Ik}n—l
(01— fmy, 0| | Yo
x| Z{ {wO—w}, {(B)| {m°}. . (3.7)
{0—w}, {m®}af Jimby Jim-a®0n,
Since the commutator
{O_Ik}n—l {(?}n—l
T{ {0—1.}, ), Z( {wO—w},}(B)|=0 (3.8)

{O“ik}n—x {O_W}n—l
vanishes, we can perform a lower U(n —1) recoupling in (3.7). We then obtain
(0= Lab, | [m), | s e
T( {0-1.}a )| {m°},
{O_ik}n—l {m}._, {m=-a% ()

- (_l)as((m" -ARDY L —e({0-w), _—e({m=aM)), ) U({O— w}{m"}

m =8GO 1) mme -8 DK (707

. . . {m}n—l
{o}n—l {0_1k}n—1
x| Z{ {wO—w}, )(B)| T( {0-1}
{O_w}n—l {O_ik}n—l
{mu} . {m“_mk)(i))wI (m"—A‘“UJ}"_l
x| {m°}, . (3.9)

{mha ] Jime—a®n, Jim-a® G
Note that no sum is required in the recoupling since the betweenness conditions of
the double Gel’fand pattern restrict the last entry of the U(n—1) Racah coefficient
U{0—wH{m Hm —a®(HHO =1} {mHm* = a™ ()}

= U({wOH{m — A (j)HHm H1,0}; {m® - A" Hm})

to {m° —A'*'(i)}. Now, since the tensor

{O_ il.(}n—]

T{ {0-1}.
{0_ ik}n—l
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is a U(n—1)xU(n—1) tensor when acting on the highest weight state and since the
latter can also be considered as a U(n—1) x U(n — 1) Bargmann state, we obtain once
more from (3.4) and the appendix of I that

0= iidaoi| [{m Y| PO
T {o_ik}n {m()}n
{O_lk}nfl {m°},_, (m” =A™y, 2,
=(__1)Z(dﬂ{m”},,‘,)—45({(')—'1‘},,4,)~d>((m"—A‘“(i)),,,l))
X N({mo}n) dim({ma}n——l)
N({m®=A%(i)}, dim({m°® - AN (i)},_,)
{m°—Aa"(i)},_,
x| {m° =A%}, ) (3.10)
{m® =A% i)},

When (3.9) and (3.10) are introduced in (3.5) and using the expansion (2.26} of I
once more, we finally obtain
<{mo}n . {O—ik}n {mO—A(k)(i)}n>
{m}n—l’ {O_ik}n—l {m_A(k)(j)}n—l
(__l)dv((m"),,»—¢<(0—‘1k},,>—¢<(m“—A“Ju)),,)

% (_1)d)({m"}"_,)—dz({o—ik},,_l)—¢({m“—A‘“<i)}"_l>
x U(wOH{m — AW (j)Hm K10} {m® =A% (i){m})

( dim({m° ~A™(i)},) dim({m"}n-l))”z
dim({m° —A®()},_,) dim({m°},)

{m°-A%M(i)}, {m°},\"!
K({m—A“‘)(j)}n-l)"<{m}n_,) ' (3.11a)

Using equations (2.33) of I for the dimension factors, (2.23) of I for the K factors,
(A2) of I for the phase factors and (A27) and (A28) for the Racah coefficient, (3.11a)
then has the explicit expression

<{mo}n . {O_ik}n {mo_A(kJ(i)}n >
{m}n—l’{0~ik}n—l {m—A(k)(j)}n—l

_ Sk o-i) k=172 T N < Pin ~ Djn—1
=(~1)F= V(1) [T sG - 11 [T ==
sit=1 s=1 i=1 Pin = Pin

i (igadge iy

n—1 . —-p. + 1/2
X( H pJ,n—l pln 1 )] (311b)

j=1 Pin-i—Dinatl
J=1a2e0dk)

The phase in (3.11a) can be shown to be equal to k(k+1), i.e. it is always even.
Thus the phase factor in {3.11b) is strictly associated with the phase of the U(n—1)
Racah coefficient (see (A12) and (A27)). Also note that, here and in the following,
we normalise our results so that they can apply to the cases where the initial representa-
tion is a generic U(n) representation, i.e. when m,, is now a generally non-vanishing
quantity unlike the case valid for the U(n —1) x U(n) Bargmann polynomials. Such a
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normalisation is easy to perform by subtracting the quantity p,, = m,, from all the p;
terms originating from the various factors in the basic formula (3.11a).
Complex conjugation gives us the reduced Wigner coeflicient

<{m°}n. {1,0}, {m"+A‘“(i)}n>
{m},_," {10}oill{m+ A% ()}
=(_l)tb({m},‘_l)+d>({iko},,_,)-d>((m+A""(j)),,_,)(_1)zt((m”),,)+¢({1k0},,)—zb((m"+A""U‘)),,)
><(dim({m°+A(“(i)}n>”2( dim({m},_,) )‘”
dim({m°},) dim({m +A"(j)}.-,)

X<{mo+A(k)(i)}n . {O—ik}n {mo}n> (3 12(1)
{m+A(k)(j)}n—l’ {O_Ik}n—l {m}n—l
= (—l)d><{mu+AU<l(-'>)n)—¢((m“}n>+¢<(m)n_l>—¢<<m+ﬁ\“’(i>>n‘1>—‘</2

x U({wOHm}{m® + A" () H1,0}; {m°Hm+ A% (j)})

x(dim({m"m‘“(i)}"_n dim({m}n_1)>”2
dim({m +a®(j)},-) dim({m°}, )

xK({rn"}n)K( {m"+A“‘)(i)}n>‘1 (3.12b)

{m}n—l {m+A(k)(j)}n—l
k k n
— . . js 11— _pin+1
= (=D ] sos—z.)[n( 1 ”f)
s,t=1 s=1 i=1 pixn pin
05 (iyyda,0iy)
X( nﬁl M)]Vz_ (3.12¢)
J=1 Pin-1—Pin1t1

J#EGd200Jdk)

Defining the root conjugate of {1,0}, by {1,_.0}, and the Hermitian conjugate of
{1,0}, by {0—-1,},, we will, for the case i, = n, use the Hermitian conjugate tensor of
the root conjugate of the original {1,0}, tensor to compute the required reduced Wigner
coefficient (see (2.13)). We thus require

<{mu}n. {1,.0}, {m°+A(k)(i)}n>
{m}n—], {iko}n—l {m+A(k)(j)}n—l

=<{mn}n s {Ok—in—k}n {mo_A(k)(i’)}n>
{m},_)’ {Ok—l—in—k}n—l {m_A(k)(j’)}n—l

where the complements (i') of (i) and (j') of (j) are defined such that, for example,
{ila iZs ceey lk}+{l;’ lés cey i;—k}={1929' LY n}'

We then find, using the phase identity

(3.13)

k NV n—k
(=D 2 IT S(je— i) = (~1) M= (—p)(nmkn=k=niz T g _jry
s,t=1 s0=1
and after an appropriate change of variables, that (3.13) shares the same expression
with (3.12¢). Equation (3.12c¢) is thus valid for the case i, = n. Conversely, (3.11b) is
now assumed valid for i, = n.
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When j; = n, we have to consider the matrix elements of the tensor (see (3.3))
{O'ik}rhﬂ {O—ik}nvl {O}n—l {O_ik}nvl

T {O_ik}n {O—ik}n A {1()“1},‘ {O_ik}n
{O_ik—l}nﬂ {O_ik—l}n—l {lo}n—l {O_ik}n—l
Ot | fO-1iboy
=(-D] A{{10-1},), Tl {0-1}. {3.14)
{lo}n—l {O_ik}n~| IR U S

where the commutator in (3.14) is a lower U(n —1) coupled commutator (the upper
coupling being trivial) and where the reduced matrix element
{0—is}aos {031 \ 0= 1a}nry
-1, (4 10- 1) -1, )=
{0'—11(—1}"—1 {10}n~1 {o_ik}n-]
is obtained from (2.32) of L.

Applying the coupled commutator on a double Gel'fand state, expanding and
recoupling, we obtain

. . _ . 1/2
dim({0 1k}n_l))> (k]2 (3.15)

dim({()— ik—l}n~]

{0}, 0= 1iaoi\ O M0 [{mohay| 00
A {10*‘1},, ,T {O_ik}n {mo}n
{lo}n—-l {()_ik}n—l {0-14 _1bnot {m}._ (m-a"0)Y,

= {Z) U({mHO—1,Hm =A™ ()H10} {mHO~1,-1})

{m° =A™ (i)},-, {0},—1 \J{m°* =A™ ()},
x{ {m® =A%)}, |[A{ {10-1}, )| {m°=Aa"(D)},
{m_A(k)(j)}n~1 {lo}n—] {m,}n——l
{0=Tuumi| [{m®},p| T2 0
x| T {O-ik}n {mo}n
{O_ik}n—l {m}n—l {m},
_ Z (_1)¢<{0—ik},,,l>—¢({10},,_,)—¢<<0—ik_,}m>
{m"}
x U({m}{10}m — AN ()HHO=1k; {m"HO— 1.}
0= Tuduns| [{mhi| T
x| T {(‘)-.lk}n {mo}n
{0—1taaf ({M"aci/| Jim-a®iin,
{ma}n—l {(:)}n-l {mo}n—l
x{ {m°}, |A({10=1},)|| {m°}, (3.16)
{m/(}n—\ {lo}n—l {m}n—l
where, once more, we require #, # n. Using (A13) and (A14) for the Racah coefficients
U({mH{10H{m — A (HHO—1,}; {mHO- 14}

= (_1)¢<{m’),,,,>+¢>((O—iH},,,,—m(m),,_l)—d>({0—'1A),,‘,)
% <dim({m’},,_,) dim({()— ik—l}n—l)) 12
dim({m},_,) dim({()— ik}n—l)
x U({m = A" (K1, 0H{m'H10}; {m}{1,0}) (3.17a)
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and

U(mHO~ i, }{m — A" (j)H10}; {m"HO- 141}

— (_1)dﬂ{m”),,_l)+d>((0—iA_,},,_,)—dz((M*A""(j)),,,])-d>({0—'1k),,,,)

><< dim({m"},_,) dim({o_ik—l}nﬂ) )1/2
dim({m —A*(j)},_,) dim({0—1:}.-1)

x U({m"{10H{mH1c_,0}; {m - 8™(j)}{1.0}) (3.17b)

equation (2.32) of I for the reduced matrix element of A, the phase convention of the
appendix of I and the preceding results concerning the reduced matrix elements of

{0— ik}n—l
T {O_ik}n
{O_ ik}n—l

we obtain for the case j, =n

<{mo}n , {O_ik}n
{m}n—l, {On—k_ik—l}nvl

{m"—A“‘)(i)}n>
{m _A(k)(j)}n—l

o TR _ (i) k(k—1)/2 k s .
= (=1)%e -7 (=1) IT SG.—i)
(n—k) s,t=1

k n in " Pjon— et jjn—1" in+1 12
X[H( H P D, l)( H Pin—1—Di ):' (3.18)
s=1 i=1 Pin — DPizn j=1 Pin-1—Djn1t1
i3 (g0 ) J#=# G da i)

where in order to condense the notation, it is understood that one must take the limit
Pnn-1=> % in (3.18), therefore ignoring all factors involving this term. &, in (3.18), is
a sum given by

"i‘ ( Ll.i#(n,iz ..... ik)(Pjﬂ,n—l_Pin+1)_n?=1_i¢(il,i2 ..... ik)(Pja,n—1_Pin)>

n—1
520 Gavoizesic -0 (Pran=1 = Pin=1)

Ja=1
Ja# Ursjaseendi-1)
(3.19a)
By using contour integration of the complex function
M REICINI (Z_Pm"'l)"H?: RECIN N (Z_Pin)
F(z):( e Lt b) ) (3.19b)
J= 10 Grodaenis o) (2 = Pin=1)

it is easy to show that ¥ =(n—k). We therefore note that with the convention that
one must take the limit p,,_, - in (3.18), this last equation has exactly the same
functional dependence on the p as (3.11b). This fact brought Biedenharn and Louck
to claim that there is a hook permutational symmetry among the various reduced
Wigner coefficients. This claim should be taken with some caution for, although true
for the functional dependence of the reduced Wigner coefficients on the p, the statement
is seen not to apply to (3.11a). Structurally speaking, (3.11a) does not generalise to
the case iy, ji = n since the U(n—1) Racah coefficient then loses its significance.
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4. Summary and discussion

We have shown that the U(n):U(n ~1) Wigner coefficients pertaining to the coupling
by the elementary tensors are given by the structural expressions (3.12b) and (3.11a)
valid for

l<si,<i,<...<i<n 1<j,<j<...<ji<n

and generic SU(n) (m,, =0) unirreps.

We recall the origin of the various terms in these equations. The terms like
dim({m°},) and dim({m},_,) are the dimensions of the respective U(n) and U(n—1)
representations {m°}, and {m},_,. The factors U( ) are simple multiplicity-free U(n —
1) Racah coefficients calculated in the appendix. The terms in K are normalisation
factors obtained from the vector coherent state theory of I. Note that there are no
terms involving N( ), the normalisation factor of the Bargmann polynomials (2.7).
This is most satisfying since expressions for the Wigner coefficients should not explicitly
refer to the space used for their computation.

More generally, lifting the restrictions on i, and j;, and more explicitly, we have
shown that the U(n):U(n ~1) Wigner coefficients are given by (3.12¢) and (3.11b)
valid for

I1=si<ih<...<ip=n 1=sj,<j,<...<jy=n

and generic U{n) (m,, # 0) unirreps but where one must take the limit p,,_, > cc.

The fina! phase factors resulting from the computation correspond to a generalisa-
tion of the Condon-Shortley phase convention for SU(2) and naturally arise within
the framework adopted here. We recall that we have introduced only two specific
rules for fixing the phases appearing at various computational stages. One pertains to
the sign associated with the hooks (see the appendix) and is responsible for the term
S(js—i;). The other, defined in the appendix of 1, is responsible for the conjugation
phase

(_I)ELIU‘—'\J_

The only phase factor left to consider is
(_1)k(kvl)/2

and originates from the tensor (antisymmetrical) structure itself.

An interesting point to mention is the fact that the algorithm of § 3 is truly recursive
in n, i.e. the computation of U(n):U(n ~1) reduced Wigner coefficients presupposes
only the knowledge of U(n—1) Wigner and Racah coefficients for, as shown in Le
Blanc and Hecht (1986), the knowledge of the U(n —1)x U(n) normalisation factors
(3.4) and (3.6) is a direct consequence of the knowledge of the U(n—1)x U(n—1)
reduced matrix element (3.10). Thus, contrary to the approach of Biedenharn and
Louck which requires an a priori knowledge of U(n) x U(n) reduced matrix elements
in order to allow the computation of the elementary U(n):U(n —1) reduced Wigner
coefficients (the substance of the boson factorisation lemma), the algorithm of § 3 is
much more satisfying on computational grounds since it clearly demonstrates that a
U(n) Wigner-Racah calculus can be performed entirely in a U(n—1)xU(n-1)
framework. The extra (nth) dimension only appears through the application of raising
and lowering operators A and B on U(n — 1) states and tensors (see (3.14)-(3.19)) and
are themselves considered as U(n —1) tensors (see ).
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Biedenharn and Louck (1968) gave a graphical representation of (3.11) and (3.12¢)
which, although extremely simple, does not contain the group theoretical information
of (3.11a) and (3.12b). Itis this graphical representation which they coined the ‘pattern
calculus’; the reader is referred to their work for an enunciation of the rules of this
calculus.

We have thus duplicated and improved on the results of Biedenharn and Louck
since a major result obtained in this paper, which cannot be appreciated from the
Biedenharn and Louck mode of derivation, is that, except for the i, ji. = n case, the
elementary Wigner coefficients are essentially U(n—1) Racah coefficients. In fact,
comparing equations (A27) and (A28) and (3.11b) and (3.12¢), one notices that, except
for the contribution of the i = n factors in (3.115) and (3.12¢), the Wigner coefficients
are U(n —1) Racah coefficients.

We conclude that the combination of two powerful tools, namely the vector coherent
state theory and the complementarity principle, in addition to a strict and novel
interpretation of the operator patterns, helped us to elucidate the structure of the
elementary Wigner-Racah calculus for the U(n) groups and have reduced it to an
exercise in recoupling techniques with its foregoing simplicity. Also, since the Racah
coefficients required were computed using symmetric group techniques, our results
tighten the already known strong relationship between the two groups.

Part I11 (Le Blanc 1987) of this series shows that the present framework allows the
easy computation in closed form of all the SU(2) Wigner coefficients. Also, we
generalise the present results to the case of symmetric U(n) tensors to derive an
interesting relationship between U(2) Racah coefficients and U(3) symmetric tensors.
This relationship, the well known Elliott-Biedenharn-Racah identity but in a new
parametrisation, enables us to derive a recursion formula for U(2) Racah coefficients
which is solved to provide a closed form for these coefficients.

Finally, we intend to address in a future work the question of the construction of
generic Bargmann tensors in order to see if the present approach would yield a
transparent solution to the multiplicity problem.

Appendix. Derivation of multiplicity-free U(n) Racah coefficients using symmetric
group techniques

We compute in this appendix the following classes of multiplicity-free U(n) Racah
coeflicients:

(1) U({gH1IH/ Hw -1} {g’Hw}) (A9)
U({gHw - 1HfH1E {fKw}) (A10)
(2) U({gHIH  H1k- ks {g'H1D (A13)
U({gH1Le-: HAH1E {fHLD (Al14)
(3) UwHAH HLY {fiH 2] (A27)

where {f} is an arbitrary U(n) unirrep and where {w} and {1,} are symmetrical and
antisymmetrical unirreps, respectively.

The first two classes of coeflicients have already been discussed by Kramer in terms
of Young frame axial distance expressions (Kramer 1967); the third class follows from
a generalisation of results derived in Hecht (1975).
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Consider a system described by a wavefunction

glr,r, ..., rN){rﬁf;},\'NyN_[...yzyl = <r|(rr{;)ywy',~_,...y'z,\v,>
which has for arguments the Nn variables

r=g s=1,...,N,i=1,...,n

e.g. an N-particle system in an n-dimensional space. This wavefunction belongs
simultaneously to a basis for the U(n) irreducible unitary representation {f} with basis
elements conveniently enumerated by a lower Gel'fand pattern m corresponding to
the subgroup decomposition

Un)2U(n~-1)>...2UQ2)>U(1)

and to a basis for the S irreducible unitary representation also labelled by { f} though
the well known complementarity of U(n) and Sy unirreps with basis elements con-
veniently enumerated by a Yamanouchi symbol yxyn_, ... 2y, corresponding to the
subgroup decomposition

Sv=>28v.,2...28,08,.
This wavefunction can be expanded as
7 CT NS 1A | I 1 177 O LT E S s KA T CA R R
XX (o) YT g () I (A1)

where a square bracket [ ] denotes a U(n) coupling and {f‘~~"} is obtained from
{£}={S""} by removing one square from the y,th row of the Young tableau represent-
ing the partition {f}.

The transformation to a non-standard representation of Sy has been given by Horie
(1964) in the special case when the last w (or k) particles transform under the totally
symmetric (totally antisymmetric) representation of S, (S;). In the symmetric case,
the wavefunction is given in a S, X (Sy_. 2 Sn-w_12...2 8,2 §,) basis:

d’(rl 5ot rN)Er{;%v,\'y\fx-‘-.v:y:
= (0 L)) T g () Y Xy, ) YT
X w(rN—w-*—] 9y rN){W)](n{)
= ("|{n{}; {ynynar - yN—w+l}{w)yN—wyN—w—l covD (A2)

where

U lbib,. .. Bt wi¥N—wVN w1+ Y1)

w 1 w 1/2
=2 (;H (1+1/n,,,,,))

i=1 j=1
=1
x| {byby ... by_ybiyy ... byt w-13BiYN YNt V) (A3a)
g 1 > 1/2
= Z (_ H (1+1/Tb,b,))
i=1 \W ;=1
i
X l(n{); bi{biby...bi_\bi;... 1% FOWDYS VA TVERER I 09 (A3b)

with 7,, a Young tableau axial distance to be defined below.
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From (A3a), we have

[[w(rl)(”x Lo X w(rN—w)“}](ftN—“))d’(rN—w-+-1 LI} rN){W)](r{)

1 v 1/2
= 2 <_H (1+1/7'b,b,))
Ny

W =1
J=i
()% X (o) MY ()M
xdl(rN—W'FZ"",rN)(w-”](n{} (A4)

where {f~ """} is obtained from {f'~ "’} by adding one square to the bith row of
the tableau {f~*’}. Since

[[d’(rl)(” X...X d’(rN—w)“)](f(N‘M))w(rN-—w#—l yeees rN)(W)]‘rr{)
= [ (r) % x gy ) YT
X[W('N—wﬂ)mdf(’N—wﬁ, ey "N)(Wﬁ”](w)]{n{)

= ¥ U{THB{UHw =135 {7 P Hwh

{f(an*l))

{N~-w) (N=w+1)
X[ () ox (e o) T (e ) MTY )
xd/(rN—w+2""7’N)(w_”]{r;1f} (AS)

comparing with (A4) gives

w 1/2
US Y HH  Hw =15 {7 P Hwh) = (% l:[1 (1+ l/Tb,b,))
= U({gHIHSHw -1} {g+ A" (DHwh (A6)

where the tableau £~ is shown in white in figure 1. The square added to row b, = i
to make V¥ 7**" is shown with double hatching and the remaining squares added to
rows by ... b, by, ... b, with single hatching. The axial distance 7, ,, is equal to the
number of steps to go from the square b; to the square b;, the number of arrows in
figure 1, counted positive if to the left and down and negative if to the right and up.
Note that

Tab = ~ Tha (A7a)
Tab+TbC=Tac' (A7b)
I : . _’:
1
f3_.: fz—.l |
ottt et s Bt 7. 24 )
%7
//A :Kb, I
| g1
93_'? 92—’| _.‘

Figure 1. Definition of the axial distance Thyb, s
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Thus for the product of all b, in row k and k smaller than the row of b, =i

fi—gti-k

+ = .
l;[(l l/Tb,b,) gk—g,-+i—k

(A8)
Note that for k greater than i, the expression, with a change of sign in both the
numerator and the denominator, still holds. For k=i, the product (A8) reduces to
(fi—g). Thus

1 I (fi—gi—k+i)

1/2
U1 g+ A% () = (£ s BB ) (A9)

Similarly, using (A3b), we find

H"—l - 3 1/2
Utis)ow = DUHI; - i = (LB (A10)

In the antisymmetric case, the wavefunction is given in a S;¢X
(Snv_kD2Sn_x_12...2 8,2 8,) basis:

“nf}; {aia,. .. ak}{lk)yN—kyN—k—l Co YD)

=3 (I su-0)(; £ <1—1/n,,,,,>)”2

i=1 \j=t j=t
Jj#Ei J=i
X !(n{}; {aiay. .. a1 @b,y AYN-IYN—k=1- - Y1) (Alla)
k [ Kk 1k 1/2
=2 (H S(i—j))<— I1 (1—1/ra,a,))
=1 \j=1 k=i
J#i j=i
X |§';|”; af{aa,...a a4, ... ak}(lk,l}yN—kyN—k—l cev (Al11b)

where the phase of the initial S, X Sy, state is fixed through the convention

a<a,<...<a

and
PN R izj
S(i 1)—{_1 i< (A12)
From (Alla), using the analogues of (A4) and (AS3), we find
U({gHIH H1k-k {g + AV (@) H1k}
k . . l k (fa‘_faj+aj_ai+1) /2
‘(H S”‘”)(kﬂ_ oot - a) ) (A13)

and, from (A11b),
U({g}{lk—l}{f}{l}; {f“Am(ai)}{lk})

(T Y1 E (fo,—faotai—a+1)\1/2
_<j[115(1—]))<k,~g1 (ﬁ,]—f,,.-q—a,._aj)) : (A14)

JEi j=i




Elementary reduced Wigner coefficients for U(n) 4631

For the third class of Racah coefficients U({wH AH S H1}; {fi2H fo3}) where {f} is
an arbitrary U(n) unirrep and where {w} and {1,} are respectively symmetrical and
antisymmetrical unirreps, we consider for the bra side

O b bl wdal . akb g YN —w—k o 2D
=[[*(n) X X (Pt ) T (P s vy o) ]2
X w*(rN—w—‘f'l 3 ey rN)(w}](rrj!.}

= Z U({fz}{lk}{f}{w};{fzs}——{fls}—Pz,n)

{fis}p2a3
X[Le*(r) M %o g (o) MY
X[ (Pncwmirts oo o) T (v iry o, e )T D2 (AS)
and for the ket side
Wi e aduglby o Bt YNk VD)
= [ (r) ™% X (o) M iy s, )T
LY A

= Y U{LHwHAHLE (fizd--{fish-pais)

{f13}ez,13
X[ (r) M X g (ry i) MY

1, ;
X[P(PN sty oo vy i) (PN ey ) ‘)]U”l]{n{}pz‘”

= 2 (~npnhmeh et U LHWH HLY {fi2d- A fish-pass)

{fislp2,13
X [[l//("])m X...X d’(rN-w—k)“)](fz)
X[W(Pn ks ’N)““)'l’("N—w—kﬂ sty 'N—k)(W}](f”)]{n{}pz'” (A16)

(see the appendix of I for the last rearrangement phase). The multiplicity label p,, in

U({f1}{f2}{f}{f3}, {fl2}912P12,3{f23}P23P1,23)

indicates that in general there is a multiplicity to be considered for the coupling
{a}®{b} while its absence (denoted _.) indicates that the coupling is multiplicity free.

To obtain the state (A16) in a form in which it can be evaluated through an overlap
norm with state (A15), let it be acted upon by the product P of permutation operators
which rearranges the particle numbers in the last two functions. Assuming k< w (if
otherwise, we would reverse the role of the bra (A15) and the ket (A16))

P=Pc... P22 PN(N-ur PNty (N=w1) - - - Pin ivavow—ik+) POnv—ks ) N-woks1y, (A7)

where P, are cyclic interchanges of the (w—k) particles labelled N—s+1, N -k,
N-k-1,..., N-=w+1. Thus

Pl (rn_ksrs- -, rN)“k}w(rN'w—lﬂ-] R ’N—k){W}]{mfig)

= [w(rN—w-k-H’ ] rN—w)“A)w(rN—w-#h A rN)(W)](mf:g) (AIS)
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and (A15) and (A16) give
<{n{); {br... b(«}{w}{a? . ai}m))’N—w-k e }’1|P|(n{}; {a,... ak}m}
X {by . Byl YN k- Y1)

- Z (_1)zb((lk))wuw})—zb({f”})

{f1a}pas

X U LHUWHSHWY {fas}-—{ iz} -p213)
X U{AHWHIHLE {fizk-—{fi3}-p2.13)
— (_1)é((fz))-é-d)({‘v))*xb((flz))(_1)¢((f))—¢({W})~zb((f23})
x U{wHAHAHLY {fiH D) (A19)

where the last step has made use of a standard composition of U(n) recoupling
transformations (see (6) and figure 1 of Hecht (1975)).
From (A15), (A16), (A18) and (A19)

<(r;1”; {bi... b,w}{w){a; ce. aL}(lk}}’N—w—k cee }’1|P|{n{); {a,... ak}(m

X By by YN k- D)

(—1)# D+ Unh=6USuh () @UrD-swh-o(/m)

x U{wHAHHLYE {fizHfosh) (A20)

which will yield the desired quantity. Since a 2, in (A17) acting to the left on a totally
symmetric state yields +1, it remains to evaluate

k
H PN—,+1,N—:—w+1i{n{}; {a,... ak}m){bl ce bw}{w)yN—w—k‘ Y
=1

This can be evaluated with the use of (All) and

PN—m,N—m—w|{n{}; yN- .. vam-#—la{bl e bw}(w}yN—m—w—l [ICRY ,V1>

w 1/2
=<H (1- 1/~rib,>> 15 Ynre e PnemetfB1 - By @N et )
j=1

w w 1/2
+2 ! (H (1+1/rab,)<1+1/rb,b\))

s=1 Tap \j=1
jEs

X l(n{}’ yN' .. yN—m+1{ab1 v bs~]bx+1 L bw}{w}bsyN—mAu'Al D ,V1> (AZI)

(see equation (23) of Hecht (1975)).
In the most general case, illustrated by figure 2(a), with

{alag...ak}={i|i2.‘.ik} i1<i2<...<ik
and
{aias...ait=1{jj2. i h<i<...<Jk

and with all a; different from all a, the set of k i and k j never occupy a common
square in the Young tableau. Equation (A20) leads to the evaluation of the Racah
coefficient

U({wHm = A" (DHHLE (- A (DHm))
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Figure 2. Young tableaux corresponding to the Racah coefficient (A20). (a) General case;
(b) special case.

where {f —A'(i)} designates a tableau with one square removed from rows i, .
similarly for {m —A™ ()}, as illustrated by figure 2(a).
In this case for each i, there is at least one member of the set {b, ... b, } for which

7.5 = 1 so that only the second term of (A21) gives a non-zero contribution. Repeated
application of {A21) then yields

oy iy

k
H PN—1+],N‘l~w+]|{ili2 e ik}{lk}{jljZ coJkCy .- cw—k}(u‘)yN—-u'~k- CYD
t=1

= Fk(i;j)HiliZ R Y TR Cw—k}{w}{jljz .- -jk}(lk}yN—w—k- Y
+ unwanted terms (A22a)

where

[H:<s' Ti(igr(l - l/Tf‘i,v)l/z][nT<r’ Tj,j,v(l - I/Tjg,j,r)l/z]

Fili,j) = (~1)ke-vr2

Hi(,r=1 T i,
k w-—k k w—k
x(n H (l+1/Tc,j,)l/2)(H (1+1/7'i‘c,)l/2)- (A22b)
t=1 r=1 s=1 r=1

Note that the squares labelled by the ¢, are illustrated by hatched squares in figure
2. The various factors in (A22b) have the following values:

iy, = SU = i), —my, +j — i)
r (=122 V=i ~fi+ie— i+ D — fi+ g — i~ 1)]Y? s<s'

7, (1 =1/ 75,0 2 =[(m; — m; +jo—=ji + D) (m, = m, +j.—j, = 1] r<t
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wok _ k (j;',_mi‘r+is'—is) )( - (f;',—my.+,u_is))
T amo= (7500 LG

Wk k L my = d ~m+j—p+1
I (1+1/n,j,>=(ﬂ ( Yo, S ) )( I1 (f“_ T2 ))
r=1 s=1 mi,_mj,+.]l 's+l) pu=1 (m,_,, mj,+j, ,U.'+'1)

= (frazeesdi)

(A23)
leading to
Fi(i, j) = (=1)**~ ””( ﬁ S(j. - )
k . (fu—m +j—u+1)
XS];I1< (;AI;I " (ft, _fu+l“'_ls)
“ (f;j_mv+y_is) 12
x V];Il (mv—mjs+js—y+l)) . (A24)

vE(JaJ2eadn)

In the special case, illustrated in figure 2(b), when one of the i, (e.g. i,) occupies
the same square as one of the j, (e.g. j,), action with Py_j;.y n_x—w+: Tequires both
terms of (A21) but action with all subsequent operators within P requires only the
second term of (A21). In the special case when i, = j, (i.e. i, occupies the same square
as j, in the Young tableau), the matrix element of P is

LCE IR SEPY SPINUNY NRNNCHRIPIRY THRC | P kMg YN-wk - W]
XPl{i . g il Jom o ek cw_kﬂ}(w}yN_w_k. )
= Fk(t,J) (A25)

where Fi (i, j) is identical with that given in (A24). Iterating this process, we can see

that the same result holds when two or more of the i occupy the same squares as two

of the j up to the special case when all k i occupy the same squares as the k j.
Finally, using the phase factor relations

$UH-o{f-a% ()} = Z (n+1—2a)ﬁ,—%2 (n+1-2a)(f, +A8(0))

k
+ik(n+1) Z i (A26)

N

d({m-AY(HH-d({m}) = -3k(n+1)+ ; Js

for the phase in (A19), the general result for the U(n) Racah coefficient of type (3)
follows:

U({wHm = A" (HHHLY; Af - AR () Hm))
:(_l)k(k—l)/2+>:ﬁ=,(js—i,J( H S(j, i) )

s,t=1
xlﬁl( I!I (fu=m+js—pu+1)
ok (fu =S His—u)
w (i i,k )
lﬂl (mv _f;l\+is—y) )1/2
v=1 (my_mj3+js—y+l) '
v# (Jisjaeadi)

s=1

X

(A27)
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With {f}={m°}, for a U(n—1) Racah coefficient as in § 3 and in terms of the hook

(see (2.7)), we obtain
U({wHm = A% (HHm K1} {m° = AN (i)}{m})

:(__1)k(k—l)/2+2’§_l(j5~it)< ﬁ S(j,-—is)>

s=1

iy, i) pE 1 J2eendi)

References

Baird G E and Biedenharn L C 1963 J. Math. Phys. 4 1443

Bargmann V 1962 Rev. Mod. Phys. 34 829

Biedenharn L C, Giovanninni A and Louck J D 1967 J. Math. Phys. 8 691
Biedenharn L C, Lohe M A and Louck J D 1985 J. Math. Phys. 26 1458
Biedenharn L C and Louck J D 1968 Commun. Math. Phys. 8 89

—— 1972 J. Math. Phys. 13 1985

Biedenharn L C, Louck J D, Chadon E and Ciftan M 1972 J. Math. Phys. 13 1957
Hecht K T 1975 Commun. Math, Phys. 41 135

Hecht K T, Le Blanc R and Rowe D J 1987a J. Phys. A: Math. Gen. 20 257
—— 1987b J. Phys. A: Math. Gen. 20 2241

Horie H 1964 J. Phys. Soc. Japan 19 1783

Kramer P 1967 Z. Phys. 205 181

Le Blanc R 1987 J. Phys. A: Math. Gen. 20 5015

Le Blanc R and Hecht K T 1986 Preprint University of Michigan NP86102
Le Blanc R and Rowe D J 1985a J. Phys. A: Math. Gen. 18 1891

—— 1985b J. Phys. A: Math. Gen. 18 1905

—— 1986a J. Phys. A: Math. Gen. 19 1093

—— 1986b J. Phys. A: Math. Gen. 19 2913

Louck J D 1970 Am. J. Phys. 38 3

Louck J D and Biedenharn L C 1973 J. Math. Phys. 14 1336

Moshinsky M 1963 J. Math. Phys. 4 1128

k n—1 —-p. n—1 R _"+1
x H ( H (Py.n f} N 1) H (pv,n L pr, )
w=1 (pun pitn) v=1 (Pu,n—l pj‘.n—l + 1)

1/2
) . (A28)



